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A free boundary problem for nonlinear magnetohydrodynamics with general large
initial data is investigated. The existence, uniqueness, and regularity of global
solutions are established with large initial data in H1: It is shown that neither shock
waves nor vacuum and concentration in the solutions are developed in a ﬁnite time,
although there is a complex interaction between the hydrodynamic and magneto-
dynamic effects. An existence theorem of global solutions with large discontinuous
initial data is also established. # 2002 Elsevier Science (USA)
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Magnetohydrodynamics (MHD) concerns the motion of conducting
ﬂuids, such as gases, in an electromagnetic ﬁeld. The applications of MHD
cover a very wide range of physical areas from liquid metals to cosmic
plasmas, for example, the intensely heated and ionized ﬂuids in an
electromagnetic ﬁeld in astrophysics, geophysics, high-speed aerodynamics,
and plasma physics. If a conducting ﬂuid moves in a magnetic ﬁeld, electric
ﬁelds are induced and an electric current ﬂow is developed. The magnetic
ﬁeld exerts forces on these currents which considerably modify the
hydrodynamic motion of the ﬂuid. On the other hand, the development of344
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GLOBAL SOLUTIONS OF MAGNETOHYDRODYNAMICS 345electric currents effects a change in the magnetic ﬁeld. There is a complex
interaction between the magnetic and ﬂuid dynamic phenomena, and both
hydrodynamic and electrodynamic effects have to be considered. Plane
magnetohydrodynamic ﬂows are governed by the following equations (see
the appendix):
rt þ ðruÞx ¼ 0; x 2 R; t > 0;
ðruÞt þ ðru
2 þ p þ 12 jbj
2Þx ¼ ðluxÞx;
ðrwÞt þ ðruw bÞx ¼ ðmwxÞx;
bt þ ðub wÞx ¼ ðnbxÞx;
Et þ ðuðEþ p þ 12jbj
2Þ  w  bÞx ¼ ðluux þ mw  wx þ nb  bx þ kyxÞx; ð1:1Þ
where r denotes the density of the ﬂow, u 2 R the longitudinal velocity,
w 2 R2 the transverse velocity, b 2 R2 the transverse magnetic ﬁeld, and y the
temperature; the longitudinal magnetic ﬁeld is a constant which is taken to
be one in (1.1); the total energy of the plane magnetohydrodynamic ﬂows is









with the internal energy e; both the pressure p and the internal energy e are
related to the density and temperature of the ﬂow via the equations of
state:
p ¼ pðr; yÞ; e ¼ eðr; yÞ;
l ¼ lðr; yÞ and m ¼ mðr; yÞ are the viscosity coefﬁcients of the ﬂow, n ¼
nðr; yÞ is the magnetic diffusivity acting as a magnetic diffusion coefﬁcient of
the magnetic ﬁeld, k ¼ kðr; yÞ is the heat conductivity, and all these kinetic
coefﬁcients and the magnetic diffusivity are independent of the magnitude
and direction of the magnetic ﬁeld (cf. [23]). The equations in (1.1) describe
the macroscopic behavior of the magnetohydrodynamic ﬂow with
dissipative mechanisms. This is a three-dimensional magnetohydrodynamic
ﬂow which is uniform in the transverse directions.
There have been a number of studies on MHD by physicists and
mathematicians because of its physical importance, complexity, rich
phenomena, and mathematical challenging; see [1, 3, 4, 6, 9, 15, 16,
21–25, 30, 31] and the references cited therein. The initial-boundary value
problems with ﬁxed or free boundaries for this system are important and
fundamental. In this paper, we consider such a fundamental problem for the
magnetohydrodynamic ﬂuid ﬂow with the pressure, internal energy, and
heat conductivity satisfying certain physical growth conditions on the
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p ¼ Rry; e ¼ cvy; ð1:2Þ
is included in the class of ﬂuids investigated in this paper, where R is the gas
constant, cv ¼ R=ðg 1Þ is the heat capacity of the gas at constant volume,
and g is the adiabatic exponent.
We are interested in the well-posedness and regularity of global solutions of
the initial-boundary value problem. For perfect gases with small smooth
initial data, the existence of global solutions was proved in [15], and the large-
time behavior was studied in [25]. For large initial data, these problems have
additional difﬁculties because of the presence of the magnetic ﬁeld and its
interaction with the hydrodynamic motion of the ﬂow of large oscillation.
In this paper, we focus on a free-boundary problem of (1.1) for
x 2Ot ¼ ð0; xðtÞÞ; t > 0; with the following initial-boundary conditions:
ðr; u;w; b; yÞjt¼0 ¼ ðr0; u0;w0; b0; y0ÞðxÞ; x 2 O0 ¼ ð0; 1Þ;
ðw; b; yxÞj@Ot ¼ 0; ujx¼0 ¼ 0; ðp  luxÞjx¼xðtÞ ¼ 1;
ð1:3Þ
where x ¼ xðtÞ is the free-boundary deﬁned by x0ðtÞ ¼ uðxðtÞ; tÞ with xð0Þ ¼ 1;
some outer pressure (or stress) (taken to be one without loss of generality) is
applied along the free boundary, and the initial values are compatible with
the boundary conditions. The main point in our analysis is whether shock
waves, vacuum, and concentration are developed in the solutions in a ﬁnite
time under the outer pressure, provided the initial data is bounded, smooth,
and does not contain vacuum. As is well-known, for the inviscid case, such
phenomena may occur.
To treat the free-boundary, we introduce a Lagrangian variable and
transform the initial-boundary value problem (1.1) and (1.3) with the free
boundary in Euler coordinates into the corresponding initial-boundary
value problem with some ﬁxed boundary in Lagrangian coordinates. These
two problems are equivalent for the solutions under consideration.
We ﬁrst establish the existence and uniqueness of global solutions to the
initial-boundary value problem with general large initial data in H 1 (as well
as in a H .older space) and show that neither shock waves nor vacuum and
concentration are developed in a ﬁnite time for such initial data under outer
pressure. There were some similar fundamental results on the nonlinear
thermoviscoelasticity [7, 8] and on viscous heat-conductive real gases [17].
Also see [13] and the references cited therein for some recent discussions. We
consider the real magnetohydrodynamic ﬂows with general pressure and
internal energy, and permit the generation of heat by the magnetic ﬁeld, as
well as its interaction with the ﬂuid motion. The existence and uniqueness of
local solutions can be obtained by using the Banach theorem and the
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small time interval (cf. Nash [26]). The existence of global solutions is
proved by extending the local solutions globally in time based on the global
a priori estimates of solutions.
We ﬁrst obtain an entropy-type energy estimate involving the dissipative
effects of viscosity, magnetic diffusion, and heat diffusion, which is essential to
deduce the lower and upper bounds of the density. Some new techniques are
developed to achieve these bounds. With these bounds, all the required a
priori estimates are obtained subsequently by our careful analysis and
techniques with the aid of some arguments and ideas in [7, 8, 17–19], and the
existence of global solutions in H 1 (as well as in a H .older space) is established.
In particular, the estimates of the ﬁrst derivatives of u and the temperature y
are complicated because of the complexity of the system for the real ﬂow, and
will be achieved by developing some detailed analysis of the energy equation.
The boundedness of the temperature will be proved by a maximum principle.
For the case of discontinuous initial data, the initial discontinuities propagate
as time evolves (see [5, 12]). We establish the existence of global weak
solutions with large discontinuous initial data for the perfect gases (1.2) by
mollifying the initial data and using the estimates obtained above for
continuous solutions and a convergence argument in [28, 29].
We state our main results in Section 2, prove the existence of global
solutions with initial data in H1 (and in a H .older space) in Section 3, and
show the existence of global weak solutions with large discontinuous initial
data in Section 4. The appendix gives the physical background of the
magnetohydrodynamic equations and the derivation of the equations in (1.1).
2. MAIN RESULTS
We consider the free-boundary problem (1.1) and (1.3) with positive lower
and upper bounds of the initial density and temperature: C10 4r04C0;
M10 4y04M0; for some constants C0;M0 > 0:Without loss of generality, we
assume
R 1
0 r0ðxÞ dx ¼ 1: We ﬁrst suppose that r; y > 0; we will prove the
positive lower bounds of r and y later. Introduce the Lagrangian variables
ðy; tÞ with y ¼ yðx; tÞ by
yx ¼ r; yt ¼ ru; yð0; 0Þ ¼ 0:
Then,




since uð0; tÞ ¼ 0: Using the ﬁrst equation in (1.1) and the free-boundary
condition, one has yðxðtÞ; tÞ ¼ yðxð0Þ; 0Þ ¼
R 1
0 r0 dx ¼ 1: Thus, 04y41: The
CHEN AND WANG348free-boundary problem (1.1) and (1.2) in Euler coordinates ðx; tÞ is
transformed into the following problem in Lagrangian coordinates ðy; tÞ
for y 2 O ¼ ½0; 1; t > 0:
vt  uy ¼ 0; ð2:1aÞ















































with the following initial-boundary conditions:
ðv; u;w; b; yÞjt¼0 ¼ ðv0; u0;w0; b0; y0ÞðyÞ; y 2 O;
ðw; b; yyÞj@O ¼ 0; ujy¼0 ¼ 0; ðp  lv
1uyÞjy¼1 ¼ 1; t > 0;
ð2:2Þ
where v ¼ 1=r is the speciﬁc volume, p ¼ pðv; yÞ; e ¼ eðv; yÞ; and
E ¼ eþ 1
2
ðu2 þ jwj2 þ vjbj2Þ:
The second law of thermodynamics states the relation between p and e:
evðv; yÞ þ pðv; yÞ ¼ ypyðv; yÞ: ð2:3Þ
We assume that p and e are continuously differentiable and k is twice
continuously differentiable in v > 0 and y50; l; m; and n depend only on v
with continuous ﬁrst derivatives in v > 0 such that l14l4l2; m14m4m2;
n14n4n2 for v > 0 and for some positive constants li;mi; ni (i ¼ 1; 2). We
also assume the growth conditions with exponents r 2 ½0; 1 and q52þ 2r
such that:
(1) there exists a constant e0 > 0 so that, for v > 0 and y50;
pvðv; yÞ40; eðv; yÞ5e0ð1þ y
1þrÞ; ð2:4Þ
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; kðv; yÞ5k0ð1þ y
qÞ; eyðv; yÞ5e1ð1þ y
rÞ
ð2:5Þ
(3) for any given v2 > v1 > 0; there exist positive constants pi ¼
piðv1; v2Þ (i ¼ 1; 2; 3), ej ¼ ejðv1; v2Þ (j ¼ 2; 3), and k1 ¼ k1ðv1; v2Þ so that,












1þrÞ; eyðv; yÞ4e3ð1þ y
rÞ; ð2:7Þ
kðv; yÞ þ jkvðv; yÞj þ jkvvðv; yÞj4k1ð1þ y
qÞ: ð2:8Þ
These growth conditions are motivated by the physical facts: e/ y1þr
with r  0:5 and k/ y5=2 for important physical regimes (see [2, 6, 30, 32]).
The perfect gases are included which correspond to the special case r ¼ 0:
For problem (2.1) and (2.2), we will see that, if the initial data is in H 1 (or a
H .older space), then the solution will be at least in H1 (or the H .older space),
and neither shock waves nor vacuum and concentration are developed in a
ﬁnite time. Precisely, we have the following results.




0 4y0ðyÞ4M0; y 2 O;
jjðu0;w0; b0ÞjjL4 þ jjy0jjL24C0; jjðv0; u0;w0; b0; y0ÞjjH14M0;
and v0 2 W 1;1ðOÞ: Then problem (2.1) and (2.2) has a unique global solution
ðv; u;w; b; yÞðy; tÞ such that, for any fixed T > 0;
v 2 L1ð0; T ;H 1 \ W 1;1ðOÞÞ; ðu;w; b; yÞ 2 L1ð0; T ;H 1ðOÞÞ;
and, for each ðy; tÞ 2 O ½0; T ;
C14vðy; tÞ4C; M14yðy; tÞ4M ; jðu;w; bÞðy; tÞj4M ;
jjðu;w; bÞjjL2ð0;T ;L4\H1Þ þ jjyjjL2ð0;T ;L2\H1Þ4C;
jjðv; u;w; b; yÞjj2H1ðtÞ þ
Z t
0
jjðvyt; uyy ;wyy ; byy ; yyyÞjj2L2ðsÞ ds4M ;
ð2:9Þ
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MðC0;M0; T Þ > 0: If v0 2 C1þaðOÞ and ðu0;w0; b0; y0Þ 2 C2þaðOÞ for some
a 2 ð0; 1Þ; there exists a unique classical solution v 2 C1þa;1þa=2ðO ½0; T Þ
and ðu;w; b; yÞ 2 C2þa;1þa=2ðO ½0; T Þ for any fixed T > 0 to problem (2.1) and
(2.2) satisfying (2.9).
The existence of local solutions is known from the standard method
based on the Banach theorem and the contractivity of the operator
deﬁned by the linearization of the problem on a small time interval
(cf. [26]). The global existence of solutions will be proved by the method of
extending the local solutions with respect to time based on a priori global
estimates.
Moreover, we consider the perfect gases in the sense of the state equations
(1.2) with constant l; m; n and with k independent of v satisfying (2.5) and
(2.8) for q52: Then we have the following theorem for large discontinuous
initial data.
Theorem 2.2. Suppose that there exists C0 > 0 such that
C10 4v0ðyÞ4C0; y0ðyÞ50; jjðu0;w0; b0ÞjjL4 þ jjy0jjL24C0:
Then there exists a global weak solution ðv; u;w; b; yÞðy; tÞ to problem (2.1) and
(2.2) for perfect gases, satisfying (2.1) in the sense of distributions such that,
for any fixed T > 0;
ðu;w; bÞ 2 L2ð0; T ; L4Þ; y 2 L2ð0; T ; L2Þ
with yð; tÞ* y0 weakly in L2 as t ! 0: Furthermore, there is a constant C
depending on C0 and T such that, for each ðy; tÞ 2 O ½0; T ;
C14vðy; tÞ4C; yðy; tÞ50;
jjðu;w; bÞjjL2ð0;T ;L4\H1Þ þ jjyjjL2ð0;T ;L2\H1Þ4C:
ð2:10Þ
Remark 2.1. The solutions in Theorem 2.2 can be improved to the case
where the solution ðu;w; bÞ 2 Cð½0; T ; L4ðOÞÞ \ Cðð0; T ;H1ðOÞÞ and y 2
C2ð½0; T ; L2ðOÞÞ \ Cðð0; T ;H1ðOÞÞ:
The results for problem (2.1) and (2.2) in Theorems 2.1 and 2.2 in
Lagrangian coordinates can easily be converted to equivalent statements for
the corresponding results for problem (1.1) and (1.3) in Euler coordinates.
In particular, we have the following results.
Theorem 2.3. For problem (1.1) and (1.3), the following holds:
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C10 4r0ðxÞ4C0; M
1
0 4y0ðxÞ4M0; x 2 ð0; 1Þ;
jjðu0;w0; b0ÞjjL4ð0;1Þ þ jjy0jjL2ð0;1Þ4C0;
jjðr0; u0;w0; b0; y0ÞjjH 1ð0;1Þ4M0;
and r0 2 W
1;1ð0; 1Þ: Then problem (1.1) and (1.3) has a global solution ðr; u;
w; b; yÞðx; tÞ such that, for any fixed T > 0;
r 2 L1ð0; T ;H 1 \ W 1;1Þ; ðu;w; b; yÞ 2 L1ð0; T ;H1Þ
and, for each ðx; tÞ; x 2 Ot; t 2 ½0; T ;
C14rðx; tÞ4C; M14yðx; tÞ4M ; jðu;w; bÞðx; tÞj4M ;
jjðu;w; bÞjjL2ð0;T ;L4\H1Þ þ jjyjjL2ð0;T ;L2\H1Þ4C;
jjðv; u;w; b; yÞjj2H1ðOtÞðtÞ þ
Z t
0
jjðvxt; uxx;wxx; bxx; yxxÞjj2L2ðOsÞðsÞ ds4M ; ð2:11Þ
where C > 0 is a constant independent of M0; and M ¼ MðC0;M0; T Þ > 0: If
r0 2 C
1það0; 1Þ and ðu0;w0; b0; y0Þ 2 C2það0; 1Þ for some a 2 ð0; 1Þ; there exists
a classical solution r 2 C1þa;1þa=2 and ðu;w; b; yÞ 2 C2þa;1þa=2 for any fixed
T > 0 to problem (1.1) and (1.3) satisfying (2.11).
(2) Suppose that there exists C0 > 0 such that, for x 2 ð0; 1Þ;
C10 4r0ðxÞ4C0; y0ðxÞ50; jjðu0;w0; b0ÞjjL4ð0;1Þ þ jjy0jjL2ð0;1Þ4C0:
Then problem (1.1) and (1.2) for perfect gases has a global weak solution
ðr; u;w; b; yÞðx; tÞ satisfying (1.1) and (1.3) in the sense of distributions such
that, for any fixed T > 0;
ðu;w; bÞ 2 L2ð0; T ; L4Þ; y 2 L2ð0; T ; L2Þ
with yð; tÞ* y0 weakly in L2 as t ! 0: Furthermore, there is a constant C
depending on C0 and T such that, for each ðx; tÞ; x 2 Ot; t 2 ½0; T ;
C14rðx; tÞ4C; yðx; tÞ50;
jjðu;w; bÞjjL2ð0;T ;L4\H 1Þ þ jjyjjL2ð0;T ;L2\H1Þ4C: ð2:12Þ
Remark 2.2. If the constant outer pressure in (1.3) is replaced by a
general outer pressure RðtÞ > 0; the results in Theorem 2.3 are still true, and
the proof follows directly from the techniques developed here. The case of
free outer pressure RðtÞ ¼ 0 needs new techniques which is handled in a
CHEN AND WANG352forthcoming paper. For the initial-boundary value problem of (1.1) for x 2
O ¼ ð0; 1Þ and t > 0 with the simple ﬁxed-boundary condition, ðu;w; b; yxÞ
j@O ¼ 0; similar results can be obtained by using the techniques of this paper
with certain modiﬁcations.
3. A PRIORI ESTIMATES
In order to establish the global existence, we need a priori estimates of the
solutions for ðy; tÞ 2 O ½0; T  for any ﬁxed T > 0: We denote C > 0 the
generic constant, which may depend on C0 and T but independent
of M0; and denote M > 0 the generic constant, which may depend on C0;
M0; and T :
To obtain the complete global a priori estimates, we ﬁrst prove the
positive lower and upper bounds of the density and some entropy-type
energy estimates, then we estimate the ﬁrst derivatives of v; w; and b: The
estimates on the ﬁrst derivatives of u and y are complicated because of the
complexity of the system of the real ﬂow, which will be achieved by detailed
analysis of the energy equation. The boundedness of the temperature will be
proved by a maximum principle.
First, from Eqs. (2.1) and the initial-boundary conditions (2.2), we have
the following entropy-type energy estimates and the lower and upper
















þ lu2y þ mjwy j





Proof. We ﬁrst prove the lower bound of v: Integrating the energy
equation (2.1e), and using the initial-boundary condition (2.2), integration
by parts, and uð1; tÞ ¼
R 1
0 uy dy ¼
R 1
0 vt dy; we haveZ 1
0
Eðy; tÞ dy 
Z 1
0
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Z 1
0
ðE þ vÞðy; tÞ dy ¼
Z 1
0












1þrÞ dy4C þ C
R 1





then l1 ln v4V ðvÞ4l2 ln v; Vt ¼ lvuy ; and (2.1b) becomes ut ¼
ðVtp  12jbj
2Þy : Integrating this equation over ½y; 1  ½0; t yields











ðuðx; tÞ  u0ðxÞÞ dx t: ð3:4Þ
Then, V ðvðy; tÞÞ5 C for any ðy; tÞ 2 ½0; 1  ½0; T  since p50 and
Z 1
y





ðu2 þ u20Þ dy
 1=2
4C;
which implies the positive lower bound of v; i.e. v5C1:
In order to prove the upper bound of v; we need some entropy-type
energy estimates. Deﬁne Zðv; yÞ by the relations ey ¼ yZy; Zv ¼ py: Set
cðv; yÞ ¼ eðv; yÞ  yZðv; yÞ: Then ey ¼ ycyy and cv ¼ p: Set













































where pðv; 1Þ is the value of pðv; yÞ at y ¼ 1: Integrating the above equation






































































By (2.5), one has










e1ðy 1 ln yÞ  C1ðyþ y
1þrÞ  C2;
where C1 and C2 are some positive constants. ThenZ 1
0


















Now we estimate the upper bound of v: For any t 2 ½0; T ; there exists
yðtÞ 2 ½0; 1 such that %y ¼ yðyðtÞ; tÞ ¼
R 1
0 y dy4C: From (2.5) and the




































From (2.1), we have













































































































Therefore, V ðvðy; tÞÞ4C; which implies the upper bound of v; that is, v4C:
The proof of Lemma 3.1 is completed. ]




v2y þ jwy j









2 þ jbyy j
2 þ u4y þ jwy j
4 þ jby j
4
 
dy ds4M : ð3:6Þ
Proof. Set hðy; tÞ ¼
R 1












u0ðxÞ dx; hð0; tÞ ¼
Z 1
0
uðy; tÞ dy; hð1; tÞ ¼ 0:





















ðjbj8 þ y4þ4rÞ dy ds:
Rewrite (2.1b) as


















ðpvvy þ pyyy þ b  byÞðVy  uÞ dy ds:







































dy ds4M ; ð3:7Þ



























b  byðVy  uÞ dy ds
















































































jb  by j2 dy ds: ð3:8Þ
Multiplying (2.1e) by K1E and (2.1b) by K2u3; taking the inner product of
(2.1c) with K3jwj
2w and (2.1d) with K4jvbj
2vb; multiplying (3.8) by K5;
respectively, for proper positive constants Kj; 14j45; integrating them over









0 jb  by j
2 dy ds4M by tedious calculations. Using


































jbj4jb  by j þ
Z 1
0




























































y dy ds4M : Multiplying (2.1c) by wyy and then integrating,
























































































































2 þ jwyy j
2Þ dy ds4M :
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2 þ jbyy j
2Þ dy ds4M :
The proof of Lemma 3.2 is completed. ]




2 þ juyy j






2Þ dy ds4M : ð3:10Þ
Proof. Due to the complicated structures of the pressure, internal
energy, and heat conductivity, as well as the strong coupling of the
equations, the estimates of uy and yy are quite complex. Set
Y ¼ max
y2O;t2½0;T 














We will show that Y; X ; and Y can be controlled by Z and then we derive an
inequality on Z which yields the upper bound of Z and thus the upper
bounds of Y; X ; and Y : The complete proof can be divided into four steps.

































juy j4M þMZ3=8: ð3:12Þ
From Lemma 3.1, we have




















Y4M þMY b1 ; ð3:13Þ
where b1 ¼ 1=ð2qþ 3þ rÞ:
Step 2. We now show that X and Y can be controlled by Z:Use (2.3) and
rewrite Eq. (3.5) as















Set H ðv; yÞ ¼ v1
R y
0 kðv; xÞ dx: Multiplying (3.14) by Ht; using integration by


























yyHty dy ds ¼ 0; ð3:15Þ
where
Ht ¼ Hvuy þ
k
v







































ðjkj þ jkvj þ jkvvjÞ dx4Mð1þ y
qþ1Þ:

























































ðð1þ y1þrÞ juy j þ u2y þ jwy j






ðjuy j þ u2y þ jwy j































ðð1þ y1þrÞjuy j þ u2y þ jwy j
















ðu4y þ jwy j

















q1yy dx; we use Lemma 3.1 and Young’s











































yq ds4M : ð3:16Þ
From (2.4)–(2.8), (3.12), (3.13), (3.16), Lemmas 3.1 and 3.2, and Young’s



































4Mð1þ Z3=8Þð1þ Y ðqþ2Þb1 Þ4
M6
8
Y þMZb2 þM :

































































































































y þ jwy j





















ðu4y þ jwy j























From (2.4), (2.8), (3.12), (3.13), (3.16), Lemma 3.1, and Young’s inequality,






























4Mð1þ Y b1ð4qþ5Þ=4Þ Z1=24
M6
8
Y þMZb3 þM ;





yð2qþ3Þ=2 ds4M ; ð3:17Þ
which will be shown in the next step. Assuming estimate (3.17), we conclude,
from (3.15), that
X þ Y4M þMZb4 ; ð3:18Þ
where 05b4 ¼ maxfb2;b3g51:







































































For 05r51; deﬁne Gðv; yÞ ¼
R y
0 x
reyðv; xÞ dx: Then, from (2.4) to (2.8),













ðyþ 1Þ dy4M ;
and
Gt þ ð1 rÞuy
Z y
0






























































If r ¼ 0; replace the above deﬁnition of G by Gðv; yÞ ¼
R y
0 x
1=2eyðv; xÞ dx and






























Step 4. Now we estimate Z: Differentiate Eq. (2.1b) with respect to t;

















u2y  pt  b  bt
 
uyt dy ds4M ;
from integration by parts and the initial-boundary condition (2.2).









































u2yt dy dsþM ;













































u2yt dy dsþM þMZ
b4 :
From Eq. (3.9)
jbtj24Mðjbj2u2y þ jwy j
2 þ jbyy j2 þ jby j2v2yÞ










ðjbj2u2y þ jwy j
2 þ jbyy j



































2 þ jbyy j
2Þ dy ds4M : ð3:19Þ
























u2yt dy dsþM ;







u2yt dy ds4M þMZ
b4 :






































4M þMZ3=4 þMZb4 ;
that is, Z4M þMZ3=4 þMZb4 : Therefore, Z4M since the exponents of Z on
the right-hand side of the above inequality are both less than one.
Then (3.18) implies X þ Y4M and the lemma follows from (3.11). ]
We now prove the positive lower bound of the temperature with the aid of
a maximum principle.
Lemma 3.4.
jðu;w; b; uy ;wy ; by ; vyÞj þ
Z 1
0
ðjwyy j2 þ jbyy j2 þ y
2
yyÞ4M ;
M14yðy; tÞ4M : ð3:20Þ
Proof. From Lemmas 3.1–3.3




ðu2 þ jwj2 þ jbj2Þ dy þM
Z 1
0
ðu2y þ jwy j
2 þ jby j
2Þ dy4M ;
and juy j4M follows from (3.12). Differentiate (2.1c) with respect to t and



























bt  wyt dy ds














ðu4y þ jwy j











2 dy dsþM ;
from integration by parts, the initial-boundary condition (2.2), Lemma 3.2,































2 þ jby j































jwy j2 dy þM
Z 1
0
jw2yy j dy4M :
Rewrite Eq. (3.14) into





































y þ jwy j











































y2y dy ds4M : ð3:21Þ
From (3.4)
V ðvðy; tÞÞy ¼ V ðvðy; 0ÞÞy þ uðy; tÞ  u0ðyÞ þ
Z t
0
ðpy þ b  byÞ dy:
Then, using the interpolation inequalities on jby j
2 and y2y ; Lemmas 3.1–3.3


















2 þ jbyy j










which yields, from Gronwall’s inequality, v2y4M : Differentiate Eq. (2.1d)




















2 þ u2y jby j
































































ððvbÞ2t þ jwy j

















As a consequence, we have M14y4M from the maximum principle (see
[27]) applied to (3.14) and the boundedness of ðvy ; uy ;wy ; byÞ; 05y4M
(from (3.13)), and the positive lower bound of y0:
If the initial data is H .older continuous, following the standard method
and argument in [14, 19, 22] and the Schauder estimates (cf. [20, 11]), we
obtain that, for any T 2 ð0;1Þ;
jjvjjC1þa;1þa=2ð½0;1½0;T Þ4M ; jjðu;w; b; yÞjjC2þa;1þa=2ð½0;1½0;T Þ4M
from the above a priori estimates. To achieve these estimates, we
differentiate equations in (2.1) and make the energy estimates. Using the
embedding theorem and the estimates of parabolic equations in the class of
H .older functions, we obtain the desired H .older continuity of the solutions
indicated in the theorem (see [14, 19, 22] for the details). This completes the
proof of Theorem 2.1. ]
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Before we prove Theorem 2.2, we ﬁrst introduce a well-known lemma
(see [28, 29]).
Lemma 4.1. Let X0;X ; and X1 be Banach spaces such that
X0  X  X1;
where the injections are continuous and
(1) the injection X0 ! X is compact;
(2) Xj; j ¼ 0; 1; are reflexive.
Let T > 0 and a0; a1 > 1 be constants. Consider the space
Y  v 2 La0 ð0; T ;X0Þ;
dv
dt
2 La1 ð0; T ;X1Þ
 
under the norm









Then the injection of Y into La0ð0; T ;X Þ is compact.




























where C0 > 0 is independent of e: Theorem 2.1 implies that there exist global
smooth solutions ðve; ue;we; be; yeÞðy; tÞ; and Lemmas 3.1–3.4 imply that there
exists C > 0 independent of e and Me > 0 such that
C141=veðy; tÞ4C; yeðy; tÞ5M1e ;
jjðue;we; beÞjjL2ð0;T ;L4\H1Þ þ jjy
ejjL2ð0;T ;L2\H1Þ4C;
ð4:1Þ
where C > 0 is independent of e:
GLOBAL SOLUTIONS OF MAGNETOHYDRODYNAMICS 373Take X0 ¼ H10 ðOÞ; X ¼ L
4ðOÞ; X1 ¼ H1ðOÞ for ðu;w; bÞ; and X0 ¼ H10 ðOÞ;
X ¼ L2ðOÞ; X1 ¼ H1ðOÞ for y; and a0; a1 ¼ 2: Then Lemma 4.1 and (4.1)
imply that there exists a subsequence (still denoted by) ðve; ue;we; be; yeÞ such
that
ðue;we; beÞ ! ðu;w; bÞ in L2ð0; T ; L4Þ; ye ! y50 in L2ð0; T ; L2Þ;
1=ve** 1=v in L1; ðue;we; be; yeÞ* ðu;w; b; yÞ in L2ð0; T ;H 1Þ:
Then it is easy to check that the limit function ðr; u;w; b; yÞ is a weak
solution satisfying the equations in (2.1) in the sense of distributions such
that C14v4C; y50; ðu;w; bÞ 2 L2ð0; T ; L4 \ H1Þ; y 2 L2ð0; T ; L2 \ H 1Þ:
This completes the proof of Theorem 2.2. ]
APPENDIX A. EQUATIONS OF MHD
MHD concerns the motion of conducting ﬂuids (cf. gases) in an
electromagnetic ﬁeld with a very broad range of applications. The dynamic
motion of the ﬂuids and the magnetic ﬁeld interacts strongly on each other.
We must consider both the hydrodynamic and electrodynamic effects.
The equations of magnetohydrodynamic ﬂows have the following form
[4, 21, 23]:
rt þ divðruÞ ¼ 0; x 2 R
3; t > 0;
ðruÞt þ divðru uÞ þ rp ¼ ðr HÞ Hþ divðl
0ðdiv uÞIÞ
þ divðmðruþ ðruÞ>ÞÞ;
Et þ divðuðEþ pÞÞ ¼ divððuHÞ Hþ nH ðr HÞÞ
þ divðuðl0ðdiv uÞIþ mðruþ ðruÞ>ÞÞÞ þ divðkryÞ;
Ht r ðuHÞ ¼ r ðnrHÞ; divH ¼ 0;
ðA:1Þ
where r is the density, u 2 R3 the velocity, H 2 R3 the magnetic ﬁeld, and y
the temperature; the total energy is









with e being the internal energy and 1
2
jHj2 the magnetic energy; the equations
of state
p ¼ pðr; yÞ; e ¼ eðr; yÞ
CHEN AND WANG374relate the pressure p and the internal energy e with the density and
temperature of the ﬂow; I is the 3 3 identity matrix, and ðruÞ> is the
transpose of the matrix ru; l0 ¼ l0ðr; yÞ and m ¼ mðr; yÞ are the viscosity
coefﬁcients of the ﬂow satisfying l0 þ 2m > 0; n ¼ nðr; yÞ is the magnetic
diffusivity (see [1]) acting as a magnetic diffusion coefﬁcient of the magnetic
ﬁeld, k ¼ kðr; yÞ is the heat conductivity, and all these kinetic coefﬁcients
and the magnetic diffusivity are independent of the magnitude and direction
of the magnetic ﬁeld (see [23]). The magnetic permeability differs only
slightly from unity (the difference is not important in MHD) and therefore is
taken to be 1; which does not appear in the equations. The ﬂuid under
consideration is a Newtonian ﬂuid, i.e. the stress tensor
pIþ ðmðruþ ðruÞ>Þ þ l0ðdiv uÞIÞ
is a linear function of the deformation tensor
1
2
ðruþ ðruÞ>Þ: The viscosity
and heat conduction terms describe the dissipative processes in MHD.
Equations (A.1) of MHD are based on neglecting the displacement
current in Maxwell’s equation. As a consequence, the last equation in (A.1),
Ht r ðuHÞ ¼ r ðnrHÞ; ðA:2Þ
is called the induction equation. The Maxwell equations governing the
electromagnetic ﬁelds are
e0Et rHþ J ¼ 0; ðA:3Þ
Ht þr E ¼ 0; divH ¼ 0; ðA:4Þ






In MHD, the displacement current Et can be neglected (see [21, 23]), that is,
we can set e0Et ¼ 0 in (A.3), and then J ¼ rH: Therefore, the electric
ﬁeld can be written in terms of the magnetic ﬁeld H and the velocity u;
E ¼ nrH uH: ðA:5Þ
Then (A.2) is obtained by substituting (A.5) into (A.4). We see now that,
although the electric ﬁeld E does not appear in (A.1), it is indeed induced
according to (A.5) by the moving conductive ﬂow in the magnetic ﬁeld.
Consider a three-dimensional MHD ﬂow with spatial variables x ¼
ðx; x2; x3Þ which is moving in the x direction and uniform in the transverse
GLOBAL SOLUTIONS OF MAGNETOHYDRODYNAMICS 375direction ðx2; x3Þ:
r ¼ rðx; tÞ; y ¼ yðx; tÞ; u ¼ ðu;wÞðx; tÞ; w ¼ ðu2; u3Þ;
H ¼ ðb1; bÞðx; tÞ; b ¼ ðb2; b3Þ;
ðA:6Þ
where u and b1 are the longitudinal velocity and longitudinal magnetic ﬁeld,
respectively; w and b are the transverse velocity and transverse magnetic
ﬁeld, respectively. The magnetohydrodynamic ﬂow satisﬁes (A.1). With this
special structure (A.6), Eqs. (A.1) are reduced to (1.1) with the constant
longitudinal magnetic ﬁeld b1 and l ¼ l
0 þ 2m > 0:We take b1 ¼ 1: The term
1
2
jbj2 appears in the second equation of (1.1) because of this equality:
ðr HÞ H ¼ ð1
2
jbj2; bÞ>x : System (1.1) can be veriﬁed by direct
calculations.
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